We semiclassically calculate the entropy of a scalar field in the background of the BTZ black hole, and derive the perimeter law of the entropy within a restricted range for the angular momentum of the black hole. The proper length from the horizon to the ultraviolet cutoff is independent of both the mass and the angular momentum of the black hole. Furthermore, we show that the superradinat scattering modes does not affect the (real) entropy as far as we locate the ultraviolet cutoff outside the ergosphere.
Two decades ago, Bekenstein suggested that the entropy of a black hole is proportional to the area of the horizon through the thermodynamic analogy [1] . Subsequently, Hawking showed that the entropy of the Schwarzschild black hole satisfies exactly the area law by means of Hawking radiation based on the quantum field theory [2] . On the other hand, 't Hooft has argued that when one claculates the black hole entropy, the modes of a quantum field in the vicinity of a black hole horizon should be cut off due to gravitatinal effects rather than infinitely piling up by imposing a brick wall cutoff just beyond the horizon.
Nowadays the evaluation of black hole entropy in terms of statistical mechanics is one of the outstanding quantum gravity problems in connection with the information loss problem [3, 4] .
On the other hand, there has been much interest in lower dimensional theories of gravitation with the aim of the consistent quantum gravity. In a (1+1)-dimensional gravity, Callan-Giddings-Harvey-Strominger (CGHS) model [5] , which has been improved by Russo, Susskind, and Thorlacius (RST), gives the analytic solution of an evaporating black hole in the semi-classical approximation [6] . Recent studies on the black hole thermodynamics based on these models [7] [8] [9] show that the entropy satisfies the area law and thermodynamic second law. For the (2+1)-dimensional anti-de Sitter gravity, Bañados, Teitelboim, and Zanelli (BTZ) have obtained the black hole solution, which is asymptotically anti-de Sitter rather than asymptotically flat and is characterized by the mass and the angular momentum [10] . For the consistent formation of the event horizon, the angular momentum should be restricted to some values. Similar to the (1+1)-dimensional dilation gravity [11] , there is no dynamically propagating degrees of freedom in contrast to the four dimensional Einstein gravity. Thus the BTZ black hole can also be a good candidate in studying the quantum aspects of black holes without the complexity of degrees of freedom.
Once the BTZ black hole is assumed, it is natural to consider some particles or fields around the black hole due to the quantum fluctuation of particles so called Hawking radiation. Therefore one can consider the black hole-matter coupled action as a total system. It would be interesting to confirm the area law for the BTZ black hole since it can be an universal property of black holes. As well-known, the gravitational part of the entropy [12] was already calculated in [10, 13, 14] , and the area law is satisfied. However, we could not assert generally the area law of black holes, such that in Ref. [15] the entropy of matters on the BTZ black hole does not seem to satisfy the perimeter law. Moreover, the geometrical structure of the BTZ black hole in 2+1 dimensions is somewhat different from the usual Schwarzschild black hole (or Kerr black hole) in four dimensions.
In this paper, we shall recast the entropy of a matter on the BTZ black hole background.
By using the brick wall method developed by 't Hooft [16] , we shall consider a Klein-Gordon field on the BTZ black hole, and obtain the free energy in the semiclassical approximation.
The free energy is composed of two peices, one is the non-superradiant (NSR) part which gives the desired entropy formula, and the other is the superradiant (SR) part which is irrelevant to the quantum mechanical entropy. We show that the SR effect does not contribute to the entropy by requiring that the free energy or entropy is assumed to be real through our analysis. As a matter of fact, the SR part is classical, and we need not account for the SR effect. After all, we obtain the finite entropy expressed in terms of the perimeter by choosing the intrinsic ultraviolet cutoff, which is independent of mass and angular momentum of the black hole. This result is similar to the four dimensional case obtained by 't Hooft, while the (1+1)-dimensional case depends on the black hole mass. Finally we will comment on the new condition in order to satisfy the area law of the entropy, which turns out to be a consistent one.
Let us now introduce the (2+1)-dimensional gravity, which is given by
where Λ = − 1 l 2 is the cosmological constant and B is the boundary term. Then the classical eqution of motion yields the BTZ metric as
There exist two coordinate singularities corresponding to the outer and inner horizon from
From now on, we shall consider only the nonextremal case, r + = r − . We regard the black hole horizon as r H = r + , which has the non-rotating limit. In later convenient use, some quantities are rewritten by r ± ,
The stationary limit r erg which is defined by the radius of the ergosphere, is obtained by solving g tt = 0 as follows
The angular velocity of the black hole horizon is defined by
Let us now introduce a Klein-Gordon field equation on the BTZ black hole background,
where µ is the mass of a scalar field Φ. The above equation can be solved through the separation of variables, i.e., we can write the wave function as
where m is the azimuthal quantum number. Then, the radial equation becomes
where the r-dependent radial wave number is given by
in the WKB approximation [16, 17] . According to the semiclassical quantization rule, the radial wave number is quantized as
where n r is assumed to be a nonnegative integer, and ǫ and L are ultraviolet and infrared regulators, respectively. This is nothing but the quantization condition of energy since E = E(n r , m) by inverting the relation (14) . The number of modes with energy not exceeding E is obtained by assuming the first brick wall (ultraviolet regulator) to be located at the outside of the ergosphere. If we locate this brick wall at the inside of the ergosphere, then we
can not obtain the real wave number k and the free energy. Accordingly, we only consider the radial integration for r > r erg .
The free energy at inverse temperature β on the rotating black hole with the angular velocity Ω H is represented by [15, 18] 
where K represents the set of quantum numbers. Note that the dependence on E K − mΩ H rather than E K is a sign that the BTZ black hole has superradiant scattering modes. By using eq. (14), the free energy can be rewritten as
where we have taken the continum limit in the first line and integrated by parts in the second line in eq. (16).
Now we have to take into account the superradiant modes, which are the common feature of rotating black holes like a Kerr black hole, and are characterized by modes of 0 ≤ E ≤ mΩ H and m > 0 [18] . On the other hand, the non-superradiant modes are those of E > mΩ H and any m. Therefore, we divide the range of energy integration as
Then the free energy is divided into two parts: non-superradiant part (F (N SR) ) and superradiant part (F (SR) ),
The NSR part of the free energy is given by
where in the second line changing of variable, E → E + mΩ H , was performed in order to make the integrations for m and E become independent.
The guideline for the evaluation of the physical free energy is to make the result of integration be real. The integration for the azimuthal quantum number m is first considered.
In order that it is meaningful, that is, it results a real value, it should be assumed that ǫ ≥ 0, which means that the brick wall cutoff is located outside the stationary limit r erg . With this assumption, the integration for m may be evaluated. Next, the radial and energy integrations are performed. Then the exact form of the free energy is simply obtained as follows
where z ≡ βE. If the scalar field is massless, i.e., µ = 0, for simplicity, and the limit L → ∞ is taken, the free energy (20) is simplified as follows
where we have calculated the free energy for the nonextremal case so far. On the other hand, the SR part of the free energy is given by
where x ≡ E/mΩ H , and the coefficients c 1 and c 2 are defined by
If we look at the coefficient c 1 , it may be easily checked that it is always less than zero within the integration range of r, r erg + ǫ ≤ r ≤ L. Thus √ c 1 in eq. (22) is a pure imaginary value, and the free energy (22) is not real. This fact does not change even after the full evaluation of integrations. Since the imaginary result is beyond our guideline for the calculation of the free energy, it may be concluded that the superradiant modes do not contribute to the free energy. This in turn implies that it is enough to consider only the non-superradiant modes.
Let us now consider the entropy S for the massless field, which can be obtained from the free energy (21) at the black hole temperature. The inverse of Hawking temperature, β H , is given by
then the entropy is
It is interesting to note that the entropy is linearly divergent only for the non-rotating case as ǫ → 0, while it is nonsingular for the rotating case. However, the ultraviolet cutoff will be determined as a finite value. If we choose the cutoff as
then the entropy satisfies the area (perimeter) law,
The constant a is defined by a ≡ 3ζ (3) 2 4 π 3 and its numerical value is approximately a ≈ 7.3×10 −3 .
For the case of non-rotating black hole, J = 0 (r erg = r + ), the cutoff is simply given by
which is near from the horizon. The cutoff (27) seems to depend on the mass and the angular momentum of the black hole. But the invariant cutoff will be independent of them as far as we require the perimeter law of the entropy. The invariant distance from the horizon to the brick wall is calculated by definition as
After some calculations, the entropy (26) is neatly represented in terms of the invariant cutoff (30) as follows,
This entropy also satisfies the perimeter law if we identify the invariant cutoff as
where as expectedǫ is just a constant, and independent of the mass and angular momentum of the black hole and the mass of the quantum field. This feature appears to be an intrinsic property of horizon [16] . Consequently, the entropy and invariant cutoff are all finite.
It seems to be appropriate to comment on the condition of ǫ ≥ 0. It amounts to the location of the brick wall to be outside of the stationary limit. From eq. (27), ǫ ≥ 0 means that
If we express this inequality in terms of the angular velocity of the black hole horizon by using eqs. (7) and (9), it becomes
It is obvious that the condition of ǫ ≥ 0 gives the boundedness of Ω H . Since Ω H is related to J according to eq. (9), inequality (34) may be replaced by J. After a short manipulation, we get
In the above relation, we find that the constant α is meaningful only for α < 1, which is equivalent to the condition l 2 > 0 (for α ≥ 1, l 2 ≤ 0). This means that the absolute maximum value of J to satisfy the area law of the entroy should be |J| = αMl in our analysis. This fact is compatible with the condition |J| < Ml in eq. (4).
It is unclear to us in the physical sense why there should exist the above restriction for J.
It seems that the subtle restriction (35) arise from the approximate treatment of the angular velocity of the geometry, which is denoted by the constant, Ω H . This conjecture implies that the angular velocity of matter in the box surrounded by the brick walls is corotating with the horizon globally. In fact, the angular velocity of the geometry depends on the radial coordinate, and it is absurd to take the constant angular velocity Ω H . Correspondingly, it might be natural to treat the exponent in the free energy (15) as E − mΩ(r) where Ω(r) is the angular velocity of the geometry instead of the constant Ω H . We would not present the general case any more for simplicity.
In conclusion, we have studied the entropy of a spinless scalar field around the nonextremal BTZ black hole, which is similar to the Kerr metric but not asymtotically flat.
The area law has been obtained by adjusting the location of the brick wall. In fact, for the nonvanishing angular momentum of the black hole, it is not necessary to introduce the brick wall (ultraviolet cutoff) since the entropy (26) does not diverge as far as we are concerned about the non-extremal case. However, we do not generically guarantee the area law. If one insist on the area law without the brick wall, then it occurs only for the case of |J| = αMl.
On the other hand, for the spinless black hole, there exists the linear divergence, it seems to be necessary still to introduce the cutoff. 
